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1. Introduction

In [fl, ], Zucchini has constructed a two dimensional topological sigma model on generalized
complex geometry [[|—f by the AKSZ formulation [f] (also see [{), which is a general
geometrical framework to construct a topological sigma model by the Batalin-Vilkovisky
formalism [§]. Also, there are many recent papers [J]-[BJ] on this topic. Zucchini’s model
is a generalization of the Poisson sigma model and is similar to A model in [ff]. However B
model looks different from the Zucchini model because B model has more fields than the
Zucchini model has.



In this paper, we propose an alternative realization of generalized complex geometry
by a topological field theory by the AKSZ formulation. Our model is similar to B model,
not A model in the sense of AKSZ, as a worldsheet action of a topological sigma model with
superifields on a supermaifold. Our model is the first candidate which naturally includes
B model and may be related to a topological string theory on generalized Calabi-Yau
geometry (23, P4].

First we construct a three dimensional topological field theory of generalized complex
geometry with a nontrivial 3-form H, which has Zucchini’s model as a boundary action.
This topological field theory is a reconstruction by the AKSZ formulation of the model
proposed in the paper [BJ.

Next after a dimensional reduction, we derive a topological field theory of generalized
complex geometry in two dimensions from three dimensions. We can see that this model
has a generalized complex structure as a consistency condition of a topological BV action.
If the generalized complex structure is a complex structure, our model has one parameter
marginal deformation of the model without changing a complex structure, and reduces to
B model in a limit of the deformation. If the generalized complex structure is a symplec-
tic structure, our model becomes a new 2D topological sigma model with a symplectic
structure.

The paper is organized as follows. In section 2, the AKSZ actions of A model, B model
and the Zucchini model are reviewed. In section 3, three dimensional topological field
theory of generalized complex geometry is rederived in the AKSZ formulation. In section
4, we derive a two dimensional topological field theory of generalized complex geometry
and check its properties. In section 5, our model is reduced in two special ways. Section
6 includes conclusion and discussion. In appendix A, a generalized complex structure
is briefly summarized. In appendix B, the AKSZ formulation of the Batalin-Vilkovisky
formalism in general n dimensions is reviewed.

2. A model, B model and Zucchini model

In this section, we review the AKSZ formulation of topological sigma models such as A
model, B model and the Zucchini model.

2.1 A model and B model
A model and B model are defined on the graded bundle

T* 1M & (T[1M & T*[0]M). (2.1)

Here E =TM, n =2 and p > 1 in the general graded bundles (B.13). Local coordinates
are written by superfields on this bundle: (¢i,Bli,A1i,Bo7i). @' is a map ¢' : ITY —
M, and By; is a basis of sections of IIT*Y ® ¢*(T*[1]M). A;" is a basis of sections of
[IT*¥® ¢*(T[1]M), and By is a basis of sections of IIT*¥ ® ¢*(T*[0]M). The antibracket
on this bundle (R.1)) is

9 9 9 9 9 9 9 3
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( 7G) ¢’ ({93171' G 8B17Z‘ oloX G+ 0A " 3Bo7i G ({93072‘ 0A;" G ( )



from ([B.15).

The A model action with a symplectic form Q;; in B4 is
1 o
Si=3 [ Qu(@deds), (23)
nrs

where d is a superderivative d = 0#0,,. where the integration fHTE means the integration
on the supermanifold, fHTE d’*0d?s. This action is consistent if and only if the 2-form
Q= %Qijdqbidqu satisfies the symplectic condition dj;Q = 0, namely

0k Qij + 0iQjk + 0;Qri = 0. (2.4)

This model is rewritten by the AKSZ formulation on the graded bundle T*[1]M &
(T[1]M @ T*[0]M). We introduce A}, Bgy; and Bjy; as auxiliary fields, and rewrite the
action using the first order formalism. The action in AKSZ formulation is

) . . 1 —
Sag = /HTE <BlialqbZ — By,dA] — B1; A} + §Qij(¢)AllA{> . (2.5)

We can check that (Saq,Sag) = 0 if and only if the 2-form () satisfies the symplectic

condition (R.4).

Also, A model action with a Poisson bivector P¥ is
. 1
Sap = By,d¢' — ByidA] + §PZ](¢)B1iBlj, (2.6)
nrs

which is called the Poisson sigma model [@, . The consistency condition (Sap, Sap) =0
is satisfied if and only if P¥ is a Poisson bivector field i.e.

Pilopik 4 pilg P* + Pl PY = 0. (2.7)
B model with a complex structure J* j is

4 . 4 9Tt ,

Sp = Biid¢’ — BydA} + J'j(¢) By Al + Z—% () By Al A%, (2.8)
nrs g

which is a covariant form of B model action in [[], but is different from the action in [B7.

We can check that the consistency condition (Sp,Sp) = 0 is satisfied if and only if Jij

satisfies the integrability condition for the complex structure
Jll'alej — Jljalei — J"“@Jlj + Jklalel' =0. (2.9)
2.2 Zucchini model

In [fl], Zucchini has proposed a topological sigma model with a generalized complex struc-
ture on a two dimensional worldsheet 3. Although he called this model ”the Hitchin sigma
model”, here we call it the Zucchini model.

First we consider H = 0 case. The action of the Zucchini’s model is

Sy = Byd¢' + lPij(@BuBlj + 1@ij(¢)d¢id¢j + J'i(¢)Brd¢’.  (2.10)
nrs 2 2



The master equation (Sz,Sz) = 0 is satisfied if P, Q and J satisfy the conditions for a
generalized complex structure (A.14), (A.15) and (A.1d). We can see that the Batalin-
Vilkovisky structure of this model defines a generalized complex structure on a target
manifold M. If J%; = 0 in the action (B.10)), the action reduces to the summation of two
realizations of A model such that (B-3) + (B.6). However, if P¥ = Q;; = 0, the action (R-10)
does not reduce to the B model action (B.§). So we can not easily see whether the Zucchini

model can be related to B model.
Also, we can consider b-transformation property of this model H The b-transformation

is defined by (A.19), (A.24) and

P =9
By = By, + bjjdgy. (2.11)

The b-transformation produces the b field term such as
S, =8, — / bijddidey . (2.12)
n7rs

This suggests that the Zucchini action with H # 0 should have a Wess-Zumino term

A 1 S . A
Szn = Biid¢" + 5 PY BBy + 5Qid¢'dd’ + J'jBridg’
ars
1 o
. / Hijrdep'dg dep”, (2.13)
2 Jnrx
where X is a three dimensional worldvolume such that ¥ = 90X is a two dimensional

boundary of X.

3. 3D topological field theory with generalized complex structures from
2D Zucchini model

In this section, we review a three dimensional topological field theory with a generalized
complex structure from the Zucchini model in two dimensions. Here this topological field
theory is redefined by the AKSZ formulation, which was not explicitly written in [B3.

3.1 H =0 case

Let X be a three dimensional worldvolume with a coordinate (o) for M = 1,2,3, and
3 = 0X be a two dimensional boundary of X. First we consider H = 0 case.
By using the Stokes theorem, we can see the action (R.10) as

o1 1 o ,
Sz = / d <Bud¢l + 5 PYB1Bij + 5Qid¢'de’ + JZjBudfﬁj)
n7TX

Qi

16P% T
d¢"d¢'de’
96" ¢ dg'dg

_ y 1
= dBy;d¢" + = d¢*By;B1; + PYdB{;By; + =
/HTX 17 ¢ 28¢k ¢ 1: D15 1: D1y 9

aJi;

Py do* Byd¢’ + J';dB1;d¢, (3.1)

_l’_




where d is a three dimensional derivative d = 6M9,;. qb’ and By; can be extended to those
on X such that ¢’ : IITX — M and By; is a basis of sections of IT*X ® ¢*(T*[1]M). We
introduce a superfield A} with total degree one, which is a basis of a section of IIT*X ®
¢*(T[1]M) such that A} = d¢’, and a superfield By; with total degree two, which is a basis
of a section of IIT*X ® ¢*(T*[2]M) such that By; = —dB1;. Moreover, we introduce two
Lagrange multiplier fields Y9; and Z% in order to realize two equations such as A} = dg’
and By; = —dBj; by the equations of motion. The superfield Y 9; with total degree two is
a section of IIT* X ® ¢*(T*[2]M), and the superfield Z¢ with total degree one is a section
of TIT*X ® ¢*(T[1]M). The 3D action (B.1) is equivalent to

SZ = iy —BQZ‘ 1 + = 9 a¢k A Bl’LBl] P BQZBlj

8J
¢

We define Y5, = Yo; — 3By; and Z7 = Z{ — 3 A}. The action (B.3) is rewritten as

1 3Q]k

Al A7 AR
28(;’)@ 14747

Sz =85, + Sp + total derivative ;
S, = / ~Yhde' + dBZ + Y, AL + By ZY,
rx
10Qjk

Sy = / ——=By;d¢" + —Blszzl — JZ]’BQZ‘A{ — PUBQZ‘BU + = 5 Az A]Ak
nrx 2 2 d¢
1L/ aJ%  aJN 19pPI*
5 ( a(ﬁl + ¢ > Al AjBlk + = 5 a¢ — Al Bl]Blk (33)

where S, is independent of a generalized complex structure. Sy can be written as

sz/ — 104 Bo,d(¢+0)) + (A + By, d(A, + By)) (3.4)
urx 2 4

—(0+ B2, J(A1 + By)) — %(Al + B, Ai%(Al + B;)) + total derivative,
which is analogical with the B model action (P.§).

The antibracket (P-structure) on X, which is induced from the antibracket (2.9) on ¥,
for ¢', Ba;, A1® and By is given by the antibracket (B:If) in n = 3. In order to define the
antibrackets for Y, and Z%, we introduce two antibracket conjugate fields X, which are
maps from IITX to M, and V'y;, which are sections of IIT*X ® ¢*(T*[1]M). The model
is defined on the graded bundle of the direct product of T*[2|M & (T[1]M @ T*[1]M) and
(T[O]M & T*[2|M) & (T[1]M & T*[1]M). The second bundle is represented by auxiliary
fields. The antibracket is

9 7 9 7 9 0 9 9
(£, G) aqblaBz,iG aBQ,Z-aqslGJr aAlzaBl,iC’ur 8BLZ-<3A1@G
0 _9 G-F 0 9 G+F 0 ‘ 0 G+F 0 0 -G.  (3.5)

F—-— - - -
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We can check that Sy satisfies the master equation (Sz,Sz) = 0 if J, P and @ are
components of the generalized complex structure ([A.1J). We can take the proper boundary
conditions ¥ = 90X

A1’ lox = 0, Baiyslox = 0, Y5 lox =0, 21" )lox =0, (3.6)

such that the total derivative terms on the master equation (Sz, Sz) vanish. Here // means
that we take the components which are tangent to the boundary 0.X.
Also, because (Sg, Sq) = (Sa, Sp) = 0, S satisfies the master equation (Sp, Sp) =0

Aidk — ik — Cijk =0,
0D + (ijkl cyclic) = 0, (3.7)

where AYF Bk, Cijk and Djy; are defined in appendix A. Therefore, we can see S as a
three dimensional AKSZ action with generalized complex structure. We discuss why the
condition is not Dj; = 0 but 9; D + (ijkl cyclic) = 0 in subsection 3.3. We call Sy, three
dimensional generalized complex sigma model.

We consider 3D b-transformation property from the 2D b-transformations (R.11]) and
the conditions Ail = d¢ and By; = —dBy;. 3D b-transformations are

¢ =9,
A" = AL
By = By; + bi; A7,

By = By — d(bijA]i),

. 1 - 10b ob ob
Y/2i = Y4 + -bj;dA] — Obir A’ d(bk J ]lA] Ak plk ]lA]Blk
2 2 6¢J 8¢ 8¢Z
+d(J by AY) + d(P%b; By,
z)" = 7z} (3.8)

We can see that 3D action (B.3) is invariant under the b-transformation such that
Sy =5y (3.9)
3.2 H # 0 case I :action induced from the Zucchini model

In the similar way, we can consider the case of a twisted generalized complex structure
with H # 0. From the Zucchini model with H # 0 (P.13), a three dimensional action is
derived as

Szg = S, + Sy + total derivative ; (3.10)
Sa = / ~Yyd¢' +dBZ{ + Yy A" + By Z7,
07X

Sy = / ——Bzqubu— BhdAl J'; By Al — P By By
IITX 2
1 oQ k) 1/ aJF; oJF 1 9Pk
o (Hige + —5 ) AlAJAN+ - (-2 +=" ) AYA|By,+-——A|B;B
2( ik a¢ 1 2 8(15’ (9(15] 1k 28¢ 1;P1k-



This action (B.1() satisfies the master equation (Szpg,Szy) = 0, if J, P, Q and H are

components of a twisted generalized complex structure (JA.2§). However, this action is
not b-invariant under the b-transformation (B.§), (A.1§) and (A.24). The action (B.1()
transforms under the b-transformation as

3 0bj,

. 1 o
Sz =Sz — / 2 5 - A’ AJAk Sz — 5/ (de)[Z]k}AZlA]lAlf, (311)
nrx 2 0¢ nrx

which has been expected from b-transformation property (R.19) in the two dimensional
model.
Since H is closed, from the Poincaré Lemma, we can locally write H with a 2-form ¢

on M such as

Hij = (aqﬂ’“ L Omi aqi) . (3.12)
op' O’ 09

The HijkAliA{Alf term in (B.1() can be absorbed to @ by a local b-transformation ¢;; =
—Q;j in the action (B1(), and we obtain just the H = 0 action (B.J). In other words, the
H terms in (B.10) are consistent up to H-exact terms as a global theory, and this model
is meaningful only as a cohomology class in H3(M). It is a gerbe gauge transformation
dependence [fl].

If we set Q;; = J'; = 0 in (B.13), we obtain the AKSZ formulation of the WZ-Poisson
sigma model [Bg:

1 1 o
Swzp = / Bi;d¢' + EPUBliBlj + 5/ Hjdg'de’ dp". (3.13)
n7rs X
From (B.10), the 3D topological sigma model equivalent to (B.13) is

Swzp = Sa+ Swzps ;
Sa = /HTX ~Yhd¢' + dByZ} + YA\ + By, ZY,

y 1 o
SWZPb:/ —2B22d¢’+ dBuA’ P”B2@'B1j+§H¢jkA’1A{A’f
nTXxX
1opi*
A B.;B 3.14
2 9¢’ 12 1k (3.14)

3.3 H # 0 case II : b-invariant action

We can construct a b-invariant action with H # 0 in three dimensional manifold X. We
introduce other H terms.

St = 8,4+ S ; (3.15)
S, = / ~Yhd¢' + dB Z + Y, Al + By, Z1,
IITX

Sy = / -3 L p.do + BMdA1 J;Bo; Al — PYBy; By
nTX
) k| kN
(Jl ki + ij) AL ATAY + <—Plez‘jl _ o7, + 07 ~Z> A1A{ By
rolox T2 o' 0’
ik
;%AﬁBlij



S satisfies the master equation (S;, S;) = 0 under the antibracket (B.5) if and only if J, P,
(@ and H are components of a twisted generalized complex structure. Namely, the master
equation (S7,S7) = 0 gives

Ag”" = Bui?" =Chij~ = 0,

@‘Dijl + (Z]kl CyCliC) = 0, (3.16)

where A% By %, CHl-jk and Dy ;i are defined in appendix A. The integrability condition
is not Dy, = 0 but 0; Dy ji + (ijkl cyclic) = 0 because the action Sy is b-transformation
invariant, H;;; has b-transformation ambiguity by (A:24), and H is defined as a cohomology
class in H3(M) in a twisted generalized complex structure.

Since S, does not depend on a twisted generalized complex structure, (Sp, Spp) = 0 is
satisfied under the condition (B.16). We can introduce the coupling constants by redefining
Y/Zi and Z," to le/Zi and gQZ'f. If we take the limits that g¢ — 0 and go — 0, then
St — Sty and a twisted generalized complex structure does not change. We call this model
Sty a three dimensional twisted generalized complex sigma model.

We can change the b-transformation so that the action Sy is invariant, though the ac-
tion (B.19) is not invariant under the original b-transformation (B.§). The b-transformations
for Bo; and Y, are changed to
L Objk Aj A%
2 0¢' ’
Obji Al ZE —b;;dZ1, (3.17)

i

By = By; —

Y;i =Y +

and b-transformations for the other fields are the same as (B.§). Then we can check Sp=5;
after short calculation.

4. 2D topological field theory of generalized complex geometry

In this section, we propose a new two dimensional topological field theory of generalized
complex geometry using the 3D topological field theory. First, only a part of the 3D BV
formalism action is dimensionally reducted to in two dimension, and next this is modified
in the 2D BV formalism such that the master equations determine just generalized complex
structures. One important reason to have to take this unusual way is that generally, master
equations of BV formalisms are not kept by a dimensional reduction.

4.1 H=0

First we consider the H = 0 case. We consider a dimensional reduction, which can keep
a generalized complex structure, from a three dimensional worldvolume X to a two di-
mensional manifold ¥'. X is compactified to ¥’ x S'. Then IITX is compactified to
Ty x IITS!. It should be noticed that ¥’ is generally a different manifold from X.
Here, we take X = ¥ x R, where ¥ has a local coordinate (o!,02) and R" = [0, 00)

has a local coordinate (o). The second component (02) is compactified such that



¥ = L x R", whose local coordinate is (c!,0?), where L is a manifold in one dimen-

sion. We formulate the dimensional reduction from a general three dimensional manifold
X to a general two dimensional manifold ¥/. Here we ignore Kaluza-Klein modes and
consider only massless sectors, because we will see that the consistent BV action can be
constructed in two dimension even if these KK modes are omitted. It is not our pur-
pose that we derive the two dimensional model which is completely equivalent to the
3D topological field theory. The target graded bundle for the three dimensional model,
T*[2|M @ (T[1]M & T*[1]M), reduces to the graded bundle for the two dimensional model,
(T*1M & (T[-1M & T*2|M)) & ((T[0)JM & T*[1]M) & (T[1]M & T*[0]M)). Under the

dimensional reduction (o', 02,03) — (0!, 03), the fields are reduced as follows.

di(o!,02,0%) = ¢ (o1,0%) + 82p_1' (o}, 0%),
Al (o), 0%, 0%) = 14"11'(01’03) + 02 (0!, %),
Bii(0',02,6%) = By;(0',0°) + 0280,(0t, %),
Byi(0!,0%,0%) = By(o!,0%) + 0281,(ct, o), (4.1)

where (}3_1i has the total degree —1, (;Bi, Ao’ and ,C:fol- have the total degree 0, /ila, éli
and B~1i have the total degree 1, and Bzi has the total degree 2. All these superfields do
not depend on 62.

The antibracket induced from three dimensions is

— — — — — — — —
P I U I DR D
¢ 9B, 9B1; 0 dp_, O0B2; OB2; 9¢p_,
— = — = — = — =

IR I I R
0Bo; A4 dA, 0Bo; dap' 0By ; 0B, 0ag

We take a three dimensional AKSZ action S, (B.9) with a generalized complex structure.
The existence of the negative total degree superfield q~5_1Z complexifies the dimensional
reduction in the AKSZ formulation. Generally in [BY], it is known that even if we substi-
tute (f.1) to (B.3), we do not obtain the correct AKSZ action in two dimensions, and we
need more ($_1Z terms.

In order to derive the correct AKSZ action, first we should consider the dimensional
reduction via the non-BV formalism. The superfields are expanded by the ghost numbers
to

b = ¢ 4 (Vi 4 y(Di 4 4(B)i
By = B} + B + B,V + B?,
Ayt = AW A0 4 42D 42
B, = Bé,zi) + Bé,lz‘) + Bé(,]i) + Béi‘l)

72 ’

(4.3)

where ¢(-1i = GMgbg\;l)i, etc. After setting all the antifield with negative ghost numbers



to zero, the following non-BV action is

50 = [ —3Bae® + IBVaa” - 5B A - PiBY B
IITX
1 0Qak (0)i) 400 405 4O 1 3J’“ %\ | ()i 4@ 4(0)F 15(0)
L OPTE - 6)in 1(0)i (0) 1(0)
5 20 (60" A} By By, - (4.4)

Since by the dimensional reduction, the fields reduce to

60", 0%,0%) = 3 (0", 0?),

A§0)1(01’02,03) _ Al(o)i(al,a3) + 023, Oi(o1, o3,

BS)(UI,UQ,U?’) = 3150)(01,03) + 92ﬁ~0§0)(01,03),

Bé?) (01, 02,03) = B~2§0)(01,03) + 92ﬁ~1§0) (01, 03), (4.5)

the action ([L.4) reduces to

= 0) -y (0, =0
S(O /1 / 3 ﬁlz d¢ +B1§ )dao(o) +A1( ) dﬁog ))
s nrsy

i i (0)j 5 (0) ij i (0)
—J A B +PJB 51]
1 BQ]k 0Qi; BQM _ (O0)k an aJ% '\ 50 (0)i ~ (0)j
+5<< 95 OF " @ |~y | Aok | AT A

5% 26" 99
Jk aJ R . oOP Jk 0)2 0
+ (( o~ )ao(o“ ~(o)25§)> A8,
o a¢ ¢
ik
1 ap @) 5,°5, < o 1 PG > B\ (4.6)
2\ g3

up to total derivative terms. Therefore the action S}?) of a 2D topological field theory is

SO _ O 5(0)
sy = / <5 O)d¢ O 150>d0?0(0)i + 4 (O)id50§0)>
sy 2

st :/ —J'As o 511 +P”B ﬁl
nrsy

0Qjr  0Qii  0Qri \ - (o dJ*; 6J <o> (0);
T3 (( St ot | O @ i Ay

06" 94 93" 0¢ 8<f>
oJk;  oaJ . OPIk < (0)i 5
- <<—(0§ 0)j> o ™ — =5 o, )> g,
ol 93" 93"
1apﬂk~ 0 oy i s O 5 (0
+5 (a&( A0 ) BB, - (75 + P, )) B\, (4.7)

,10,



Next we formulate the action Sg by the AKSZ formulation. We define Sgp = Sy + S1
where Sy and S7 are AKSZ actions for S((]O) and S§O), respectively. S is easily derived after

substituting @) to (@)7

1y~ = 5 = & = _, <i =
S = / 5 (B1idd' — Bzidd_y' + Briddio’ + Ay'dfo, ) (4.8)
arsy

up to total derivative terms. The condition (S7,.51) = 0 comes from ({.§) and (Sg, Sg) = 0.

We introduce a negative total degree, which is defined as one for q~5_1, and zero for the other

fields. We can expand S for the negative total degree such as S; = Z;io Sgp }, where

Sl — b1 (13—1%411)}...%((57 Ay dio, B1i, Bo;, B2i, B1;) (4.9)
rs/

are the negative total degree p terms. Therefore

Sr=50+> SP. (4.10)
p=0

]

Here we write the first two actions S%O} and SP
one by substituting ([.1) to (B-3),

with the negative total degree zero and

Sgo] = / _JijAljgli +PijB~1i61j
sy

1 0Q; 0Qi;  0Qri\ - aJk; oJk;\ = i
+= << szk + ?kj + Qf; ) aok + (— L+ = ) 50k> A Ay
2\\ o'  o0¢ 0 op  0¢
8Jk‘ aJkZ . apjk _ -~ 1 apjk‘ . ~ ~
+ (( ~Z:7 — —"j ) a()‘7 — = B0]> Al Blk + 5 ( o a()Z) BljBlk;
op I ¢ ¢
- <Jijd0j + Pij,éoj') Bo;, (4.11)
- 1|0JY = - OPY - 10°Qin i~ j«k
s = / ¢-1 | —=/ Ba;Ar' + — BBy - 2 ~?]]sz1 Ay’ A
nrsy ¢ ¢ ¢ O¢
10 oJk; 0J% )\ -icis 1 o?pPik _ o <
5= <— o+ ) A, Ay By - 3 i A1 BljBlk]- (4.12)
¢ o 0 oloNelo)

Sgp I for p > 1 are recursively derived from the master equation (Sp,51) =

Z;io{(Sl,Sl)}[p] = 0. It should be noticed that since a target space M has finite di-

[p]
1

mensions, S is nonzero for only a finite number of p. This action is a special case of a

nonlinear gauge theory with 2-forms (a generalization of the Poisson sigma model) analyzed

in the paper B9[]

4.2 H+#0

Here we consider H # 0 case. A 2D topological field theory of twisted generalized complex
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geometry is derived in a similar way in subsection 4.1 from H-terms in section 3.2:
o0
Sk =50+ > 8Pk (4.13)

SP] = / —J'; Ay By, + PYBy;B;
s

1 0 0 ij 0 3 - 8Jk BJ’“, ~ ~ i~ 7
+- <<3szk+ Q..Jf Q~k]+ O ) 0k+<——f+ por ) ﬂ%) AV AY

2 o6 o6 0 o6 0¢
oJk; aJk;\ _ . opik - opPik _ .\ - -
+<< ~Z:7 — =7 ) (8 71) J— ,8()]) Al B1k+2 < pors a()l) BljBlk
op  O0¢ 0¢' ¢
~ (7'’ + P Bo; ) Ba, (4.14)
- 1] ogi; oPY - - 19 OQjk\ ~i ik
s = / b1’ ]B21A1 t—B2Bij—5— <Huk+i~],k> A A Ay
nrsy 0¢' O o o)
k| kL : 2pjk .
_1% <_8J L9 ) A A, Blk—lqiiAl BljBlk], (4.15)
206 \ 0¢ o’ 204 0¢

and S%p ! for p > 1 are recursively derived from (Sg, Sgr).

Also, from b-invariant H-terms in section 3.3,
So+z S[p] (4.16)

s\ 2/ —J'; Ay’ Br;+ PV By,
nrsy
1 0Qjr  0Qi; 0Qki\ -
+§<<3le‘ijl+ QJE+ Q]+ Qﬁ>a0k

9 08" 0F
aJ*; aJk "y
+<—P“ijl — >B0k>A A’
¢ 8¢
oJk. aJk;\ _ . opik - Pfk .
+<<Plejkl+—..ij_ = ) ao’ ———Bo ) Ay Bij+= ( ) 1;B1k
op 0 ¢
—(Jijdoﬂ’ +Pij[§0j> B, (4.17)
- 1| 8J QP - 19 )
s = / b’ | LBy Ay + S Ba;Bi; - 3l <Jm Hjpm+ ij) A A A
nrx ¢ ¢’ ¢ 0¢'
10 oJ*; aJk - ' 1 0%2pik
5o (-Pkajkm— — )Al A’ Blk—— ; Ay B1]B1k], (4.18)
¢ 0’ 208'0¢'

and Sgp ! for p > 1 are recursively derived from (Sg, Sgr).
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5. Two special reductions to complex geometry and symplectic geometry

In this section, we consider two special reductions related to complex geometry and of
symplectic geometry.

5.1 Complex geometry

First we consider our model in complex geometry, which is the case that P=0Q = H =0

in the action ([.I(). We redefine superfields as

d)A = d)Aa &—li - )‘d;l_lia

~ 1 ~4
Ay = 5A'l’, do’ = Aot
-B~1@ = ABiZa BOZ = 1662’
- 1 -
BZZ - )‘Bép 611 5181@7 (51)

Sk = So+>_ 5P, (5.2)
p=0
Lz 7 i A? I RN P VA
s=[ 3 (814" — AY'dBy, )+ 5 (~Bhddly +Bliday') (5.3)
V(.. 5 =5 0JF = =~i<; 10J%; ~ i ~i = -~
si = / T (ﬁﬁiiAg%—;ﬂakA; A'1j> +2 (5 oy’ A} ng—JzanggZ),
ars’ o 0P
(5.4)
1 = | AOTH < =i XN OPTR i~ g~
it = / A1 [5 By, Ay +5— L A Ay By, |, (5.5)
Ty 8¢ 8¢ 3¢

an as at least the higher order o than ecause ~_1i = ~_ i. e can take
d sPn least the higher order of A than \? b é AG L W k

[p]
1

the limit A — 0 with preserving the complex structure. S7- for p > 0 reduces to zero,

and the 2D action is

oJ = =~ i~k
B0 Ar" Ay (5.6)
O

Sry = l/ Bridd — A1'dBo; + J' B, A1 +
4 Jurs

This action is nothing but the B model action (R.§) up to a total derivative and the all

over factor %, which depends on only J* j- The master equation (S, Spy) = 0 impose the

condition that J*; is a complex structure.

We make a comment about the difference between the action (f.3) with a finite A
and the B model action (b.q) with A — 0. Following the well-known method in [, we
can see that the topological string theory has to be deformed by the other terms in (f.9)
than in the B model. In the calculation of [fl], we may locally take the complex structure
as a constant, and the kinetic terms (f.3) and two terms in (f.4) without the derivatives
of Jij are only different parts from those in the B model. Here it should be noted that

,13,



although these deformed parts may seem to decouple to the B model part, the interactions
between them can come from the non-constant metric. These deformed parts couple to
only the metric on the bosonic space of q‘gl, which is independent of q‘g_ll, because there is
no metric with fermionic indices on the fermionic space of (]3_12. So these deformed parts
can be seen as a topological theory with only B field-like couplings on the fermionic space of
(5_11. Physically, we may assume that there is no topological information along fermionic
directions, although this situation with no metric is special. Therefore in this assumption,
we can see that our action (p.9) is equivalent to topological string theory, called topological
B model. As a future work, it would be interesting to check this equivalence more carefully.

5.2 Symplectic geometry

Next we consider our model in symplectic geometry, which is the case that J = H =0 in
the action ([.1(). We redefine superfields as

Al = ,U,All s a0’ =g,

~ 1 ~ - ~

Bli = §B1p Boi = _:uﬁé)p

- -~ - 1 -~

Bj, = uBy,, B1; = §ﬁiia (5.7)

where y is a constant. After this redefinition, the 2D action (f.1(0) reduces to

Sk = SﬁZSFl,

~i 2 ~ =, i =i~
So —/ 7 (BLdd' + Biday') + & (~By,ddl,' — AL dd,) (5.8)
Ty’
1 13Pﬂf
Sl — ~ | pPiB: g o ay'B. B, 5.9
1 HTE 4 ( lz 1] 2 15 1k> ( )
1 aQ k: an ka ] 1 apjk 2 i
~ P - . 2 2ij -~ i~
st :/ oy “—a - BziBlj—“— f?”“ Ay A A 82 A B;]B;k],
HTsy 2 0404 04'04

(5.10)

and S£p Jis at least the higher order of A than AP because (j;_li = pd’ li.

After taking the limit ;4 — 0 with preserving the symplectic structure, Sgp ) for p>0
reduces to zero, and the 2D action is

1 1 9P+
Srp = ~ B1:d$' + Brddo' + PYByB1; +

ao Bl Blk (511)
4 nrsy 2 8¢ '7

The BV condition (Syp, Spp) = 0 is satisfied if and only if P¥ is a Poisson structure (the
inverse of a symplectic structure) (2.7). It should be noticed that although this action (.11
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depends on only a symplectic structure P%, this action is a different realization of the
Poisson structure from the A model (R.6]), because we can also check that this model is not
equivalent to topological string theory following the similar way as in [f.

6. Conclusions and discussion

We have constructed a topological field theory with a generalized complex structure in
three dimensions and two dimensions using the AKSZ formulation.

Our model reduces to B model in a limit if the generalized complex structure is only
a complex structure, although Zucchini model reduces to A model in the limit that the
generalized complex structure is only a symplectic structure.

It would be interesting to check that the Zucchini model and our model are equiva-
lent to a topological string theory with a generalized complex structure [, 4], which is
constructed from the twisted N = (2, 2) supersymmetric sigma model with a non-trivial B
field.

A. Generalized complex structure

In this appendix A, we summarize a generalized complex structure, based on description
of section 3 in [[[I]] and section 2 in [f].

Let M be a manifold of even dimension d with a local coordinate {¢'}. We consider
the vector bundle TM @ T*M. We denote a section as X + & € C°(TM @ T*M) where
X € C®°(TM) and £ € C°(T*M).

TM @ T*M is equipped with a natural indefinite metric of signature (d,d) defined by

(X +6Y +n) = 5(ixn +ive), (A1)

for X +&Y +ne C®(TMaT*M), where iy is an interior product with a vector field V.
In the Cartesian coordinate (0/0¢',d¢’), The metric is written as follows:

7= (fd 1Od> , (A.2)

We define a Courant bracket on TM @ T*M as follows:
1 ) )
(X +&Y +9]= [X,Y]+£Xﬁ—£y£—§dM(lx77—ny), (A.3)

with X + &Y +n € C°(TM & T*M), where Ly denotes Lie derivation with respect a
vector field V' and dj; is the exterior differential of M. This bracket is antisymmetric but
do not satisfy the Jacobi identity. We may consider a so called Dorfman bracket as follows:

(X+&o(Y+n =[X, Y]+ Lxn—iydE, (A.4)

which satisfies the Jacobi identity but is not antisymmetric. Antisymmetrization of a
Dorfman bracket coincides with a Courant bracket.
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A generalized almost complex structure J is a section of C*°(End(T'M &T*M)), which
is an isometry of the metric (,), J*ZJ = Z, and satisfies

J?=—-1. (A.5)
A b-transformation is an isometry defined by
exp(D)(X +&) =X + & +ixb, (A.6)

where b € C®(A?T*M) is a 2-form. A Courant bracket is covariant under the b-
transformation

[exp(b)(X + &), exp(b)(Y +n)] = exp(D)[X +&,Y +n, (A7)
if the 2-form b is closed. The b-transform of J is defined by
J = exp(—b)J exp(b). (A.8)

J has the £4/—1 eigenbundles because J 2 = —1, In order to divide TM &T™* M to each
eigenbundle, we need complexification of TM & T*M, (IT'M & T*M) ® C. The projectors
on the eigenbundles are defined by

I = (1 FV-17). (A.9)
The generalized almost complex structure 7 is integrable if
T [T (X -+ €), T (Y + )] = 0, (A.10)

for any X +&,Y+n € C°(TM®T*M), where the bracket is the Courant bracket. Then J
is called a generalized complex structure. Integrability is equivalent to the single statement

NX +&Y +n) =0, (A.11)

forall X+&, Y +ne C®°(TM@®T*M), where N is the generalized Nijenhuis tensor defined
by

NX+&Y +0) = [X+6Y +09] = [T(X +), T +0)l+ T[T (X +6),Y +1]
+IX +& TN +n)l. (A.12)

The b-transform J of a generalized complex structure J is a generalized complex structure
if the 2-form b is closed.
We decompose a generalized almost complex structure J in coordinate form as follows

j:<g ;) (A.13)

where J, K € C®(TM @ T*M), P € C®(N*TM), Q € C®(NT*M).
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Then the conditions J*Z.7 = Z, and J? = —1 derive
Kj' = =T,
J PR 4 Ji, PR =,

QirJ*; + Qi J* =0, (A.14)
where
P 4 Pt =,
Qij + Qji = 0. (A.15)

The integrability condition ([A.1() is equivalent to the following condition
Aiik = Bk — ¢,k =D,y = 0, (A.16)
where
Amk _ Pllalpjk + P]lalpkz + ]Dk:lalpij7
Bo* = JLo P + Pil(o, 0%, — 9, %) + PMoyJi; — J7,0, P,
Cz‘jk = Jll'alej — Jljalel' — Jkl&Jlj + Jklalel'
+P*M3,Qi5 + 3iQj1 + 9;Qu),
Diji. = J'(01Qk + kQuj) + T 5 (01Qui + 9 Qur.)
+J' 1(01Qi5 + 0;Qu) — Q0 'k — Qs Iy — QudkJ';. (A.17)

Here 0; is a differentiation with respect to ¢'. The b-transform is

Ji; = J' — Py,
Pl = P,
Qi_j - Q@'j + bikjkj — bijki + Pklbkiblj. (A.18)

where bij + bji =0.

The usual complex structures J is embedded in generalized complex structures as the

special form
J 0
= . Al
7=y %) (19)

Indeed, one can check this form satisfies conditions, (A.14) and (A1) if and only if J is a
complex structure. Similarly, the usual symplectic structures () is obtained as the special
form of generalized complex structures

J = (0 _Q1> : (A.20)
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This satisfies (A.14) and ([A.16) if and only if Q is a symplectic structure, i. e. it is closed.
Other exotic examples exist. There exists manifolds which cannot support any complex or

symplectic structure, but admit generalized complex structures.
The Courant bracket on TM & T*M can be modified by a closed 3-form. Let H €
C>®(N3T*M) be a closed 3-form. We define the H twisted Courant brackets by

(X 4+&Y +np=[X+EY +n] +ixivH, (A.21)
where X + &, Y +n € C®(TM & T*M). Under the b-transform with b a closed 2-form,
[exp(0)(X + &), exp(D)(Y + n)] = exp())[X + &Y +1), (A.22)
holds with the brackets [,] replaced by [,]r. For a non closed b, one has
[exp(b)(X +€),exp(D)(Y + 0)]-dy 0 = exp(b)[X + &Y +nln. (A.23)
So, the b-transformation shifts H by the exact 3-form dpb:
H = H — dyb. (A.24)
One can define an H twisted generalized Nijenhuis tensor Ny as follows

NX+EY +n) = [X+6Y +nlpg — [TX +8),TY +0)lg +T[T(X+E),Y +nlu

+INX+ 6T +0)lu, (A.25)

by using the brackets [,]x instead of [,]. A generalized almost complex structure J is H
integrable if

Ng(X +&Y +n) =0, (A.26)

for all X + &Y +n € C®°(TM @ T*M). Then we call J an twisted generalized complex
structure.
The H integrability conditions is as follows:

Ag* = Bg?* = Cpi* = Diijr = 0, (A.27)
where
Ay itk = Aidk
Bpi’* = B7* + PI' P Hy,,
Crij® = Cii* — JLPY Hjppy + I P ™ Hypp,
Driji = Diji — Hiji + J5J ™ Hygn + 5T ™ s Hig + T 1T ™ H i (A.28)

B. AKSZ formulation of Batalin-Vilkovisky formalism

In the appendix B, we review the AKSZ formulation in any dimension [2]. In order to
construct and analyze topological field theories systematically, it is useful to use Batalin-
Vilkovisky formalism. The geometric structure of the AKSZ formulation is called Batalin-
Vilkovisky Structures.
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B.1 Batalin-Vilkovisky structures on graded vector bundles

Let M be a smooth manifold in d dimensions. If we consider We define a supermanifold
IIT*M. Mathematically, IIT*M, whose bosonic part is M, is defined as a cotangent
bundle with reversed parity of the fiber. That is, a base manifold M has a Grassman even
coordinate and the fiber of II7T* M has a Grassman odd coordinate. We introduce a grading
called total degrees, which is denoted |F| for a function F. The coordinates of the base
manifold have grade zero and the coordinates of the fiber have grade one. Similarly, we
can define IIT'M for a tangent bundle TM. IIT'M is also called a supermanifold.

We must consider more general assignments for the degree of the fibers of T*M or T M.
For an integer p, we define T™*[p| M, which is called a graded cotangent bundle. T*[p]|M is a
cotangent bundle, whose fiber has the degree p. This degree is also called the total degree.
A coordinate of the bass manifold have the total degree zero and a coordinate of the fiber
have the total degree p. If p is odd, the fiber is Grassman odd, and if p is even, the fiber
is Grassman even. We define a graded tangent bundle T'[p|M in the same way.

We consider a vector bundle E. A graded vector bundle E|p] is defined in the similar
way. E[p] is a vector bundle whose fiber has a shifted degree by p. Note that only the
degree of fiber is shifted, and the degree of base space is not shifted.

We consider a Poisson manifold N with a Poisson bracket {x,*}. If we shift the total
degree, we can construct a graded manifold (a graded cotangent bundle or a graded vector
bundle) N from N. Then a Poisson structure {x,*} shifts to a graded Poisson structure
by grading of N. The graded Poisson bracket is called an antibracket and denoted by
(k,%). (*,*) is graded symmetric and satisfies the graded Leibniz rule and the graded
Jacobi identity with respect to grading of the manifold. The antibracket (x,*) with the
total degree —n + 1 satisfies the following identities:

(F, G) _ _(_1)(\FI—I—l—n)(|G’\-ﬁ-1—n)(G7 F),
(F,GH) = (F,G)H + (-1)FIH1=ClG(F, H),
(FG,H) = F(G, H) + (—1)/¢ItAH1=n)(p @,

(=) UFIH=)(H =) (F (G, H)) + cyclic permutations = 0, (B.1)
where F,G and H are functions on N, and |F|, |G| and |H| are total degrees of the func-
tions, respectively. The graded Poisson structure is also called P-structure. If n = 1,

the antibracket is equivalent to the Schouten bracket. For higher n, the antibracket is
equivalent to the Loday bracket [ with the degree —n + 1.

Typical examples of Poisson manifold N are a cotangent bundle T*M and a vector
bundle £ & E*. First we consider a cotangent bundle T*M. Since T*M has a natural sym-
plectic structure, we can define a Poisson bracket induced from the symplectic structure.
If we take a local coordinate ¢ on M and a local coordinate B; of the fiber, we can define
a Poisson bracket as follows:

9 9 oo 9 9 .
d¢' OB; OB; 0t
where F' and G are functions on 7" M, and ) /Oy and 3] /O¢ are the right and left differen-
tiations with respect to ¢, respectively. Here we shift the degree of fiber by p, i.e. the space

{F,G}=F

(B.2)
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T*[p]M. Then a Poisson structure shifts to a graded Poisson structure. The corresponding
graded Poisson bracket is called antibracket, (x,*). Let @' be a local coordinate of M and
B,,_1, a basis of the fiber of T*[p|M. The antibracket (x,*) on a cotangent bundle T [p] M
is expressed as:

= - = -

o 0 o 0

( ) 0" aBp,i 8Bp7l- "

G. (B.3)

The total degree of the antibracket (x,*) is —p. This antibracket satisfies the property (B.1)
for —p=—n+ 1.

Next, we consider a vector bundle £ & E*. There is a natural Poisson structure on the
fiber of E @ E* induced from a paring of F and E*. If we take a local coordinate A% on
the fiber of £ and B, on the fiber of E*, we can define

9 7 9 7
{F’G}:FaAaaBaG_FaBaaAaG’ (B.4)

where F' and G are functions on £ @ E*. We shift the degrees of fibers of £ and E* like
E[p]® E*[q], where p and ¢ are positive integers. The Poisson structure changes to a graded
Poisson structure (x,x). Let A,* be a basis of the fiber of E[p] and B, a basis of the
fiber of E*[g]. The antibracket is represented as

9 7 9 7
F.G)=F —(~1)MF . B.
(£, C) 94,7 0B, (=1) 9B, 94, (B:5)

The total degree of the antibracket (x,%) is —p — ¢. This antibracket satisfies the prop-
erty (B) for —p—q = —n+1.

We define a Q-structure. A Q-structure is a function S on a graded manifold N which
satisfies the classical master equation (S,S) = 0. S is called a Batalin-Vilkovisky action.
We require that S satisfy the compatibility condition

S(F,G) = (SF,G) + (-1)/FI*Y(F, sq), (B.6)

where F' and G are arbitrary functions. (S, F) = 0F generates an infinitesimal transfor-
mation, which is a BRST transformation, which coincides with the gauge transformation
of the theory. The AKSZ formulation of the Batalin-Vilkovisky formalism is defined as a
P-structure and a Q-structure on a graded manifold.

B.2 Batalin-Vilkovisky structures of topological sigma models

In this subsection, we explain Batalin-Vilkovisky structures of topological sigma models.
Let X be a base manifold in n dimensions, with or without boundary, and M be a target
manifold in d dimensions. We denote ¢ a smooth map from X to M.

We consider a supermanifold 11T X, whose bosonic part is X. IITX is defined as a
tangent bundle with reversed parity of the fiber. We take a local coordinate of IITX,
(o*,6*), where o is a coordinate on the base space and 6* is a super coordinate on the
fiber and p=1,2,...,n.
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We extend a smooth function ¢ to a function on the supermanifold ¢ : IITX — M.
¢ is called a superfield and an element of IIT*X ® M. We introduce a new non-negative
integer grading on IIT*X. A coordinate o on a base manifold has zero and a coordinate
0" on the fiber has one. This grading is called the form degree. We denote degF the form
degree of the function F. The total degree defined in the previous section is a grading with
respect to M, on the other hand The form degree is a grading with respect to X. We define
a ghost number ghF' such that ghF = |F| — degF. W assign the ghost numbers of o# and
0" zero. Thus o* has the total degree zero and 0* has total degree one.

We consider a P-structure on T*[p]M. We take p = n — 1 to construct a Batalin-
Vilkovisky structure in a topological sigma model on a general n dimensional worldvolume.
We consider T*[n — 1]M for an n-dimensional base manifold X. Let a superfield ¢° be
local a coordinate of IIT* X ® M, where i, j, k, ... are indices of the local coordinate on M.
Let a superfield B,,_;; be a basis of sections of IIT*X ® ¢*(T*[n — 1]M). Expansions to
component fields of the superfields are the following:

i 1 —n)i
¢ = 0 9u1¢( Vi 4 gmgmqjl(m%); o mgm . 9“”¢&1---)una (B.7)

anlz = B(n Y + -+ HL ... QR 1B( )

1 (-1)
—_ QM1 Hn
n—1,% (n_1)| U1 1n—1,i+n!9 t--0""B

B ppn—1,37

where (p) is the ghost number of the component field.

From (B.J) in the previous subsection, we define an antibracket (x,*) on a cotangent
bundle T*[n — 1]M as

= = = =

0 0 0 0

FG)=r-2 _F )
(£, C) d¢' OB 1 OB, 1, 0¢"

(B.8)

where F and G are functions of ¢* and B,,_1;. The total degree of the antibracket is
—n+ 1. If F and G are functionals of q’)i and B,,_1;, we understand an antibracket is
defined as

— — — —
0 0 0 19}

F.G E/ r2_? g% %4 B.9

(£.G) nrx 0@’ 0Bn_1; 0By _1;0¢" (B-9)

where the integration fHTX means the integration on the supermanifold, fHTX d"0d"o.
Through this article, we always understand an antibracket on two functionals in a similar
manner and abbreviate this notation.

Next we consider a P-structure on E® E*. In a topological sigma model in n dimension
worldvolume, we assign the total degree of p and ¢ such that p+qg = n—1. The total graded
bundle is E[p] & E*[n —p — 1], where —n+1 <p <n—1,p # 0. Let A,* be a basis of
sections of [IT* X ® ¢* (E[p]) and B,_p_14, a basis of the fiber of IT* X ® ¢*(E*[n—p—1]).
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Expansions to component fields of the superfields are

A = AP o ALY o gra=h A0

(p—1)! up—1)p
+o4 ni@“l- Lgpn | AL DI (B.10)
By p-1,a, = Br(znpp 113 +‘9MB;(Z;€;E)1CL +--
+ﬁ9 - g DB;(E) n—p—n-p-la, T

1 1
+m9m' QMnB( pﬂn)n —p—1,ap’

From (B.F), we define the antibracket as

— — — —

0 0 0 0

G- (-1)"PF G. B.11
94, 9Bn 1. " VB L aA,w (B.11)

(F,G)=F

We need to consider various grading assignments for £ @& E*, because each assign-
ment induces different Batalin-Vilkovisky structures. In order to consider all independent
assignments, we define the following bundle. Let E, be series of vector bundles, where
—n+1<p<n-—1. We consider a direct sum of each bundle E,[p|:

n—1

> Bl (B.12)

p=—n+1,p#0
and we can define a P-structure on the graded vector bundle
n—1
T*n — 1M @ > EpleEn-p-1]|, (B.13)

p=—n+1,p#0

which is isomorphic to the graded bundle

n—1
T*[n —1] > Bl (B.14)
p=—n+1,p#0
as a sum of (B.§) and (B.11)):
n—1 — — = -
0 0 0 0
—(=1)"P
(FG)= > FaA ) — G—(-1) F(?BWF1 - 8ApapG. (B.15)
p=—n+1 P P

where Ag® = ¢°, that is p = 0 component is the antibracket (B.§) on the graded cotangent
bundle T*[n — 1]M. Note that all terms of the antibracket have the total degree —n + 1,
and we can confirm that the antibracket (B.1§) satisfies the identity (B.1]).
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